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a b s t r a c t
Obtaining a complete description of the stable set polytopes of claw-free graphs is a long-
standing open problem. Eisenbrand et al. recently achieved a breakthrough for the subclass
of quasi-line graphs. As a consequence, every non-trivial facet of their stable set polytope
has atmost twodifferent, but arbitrarily high left hand side coefficients. For the graphswith
stability number 2, Cook showed that all their non-trivial facets are 1/2-valued. For claw-
free but not quasi-line graphs with stability number at least 4, Stauffer conjectured that
the same holds true. In contrast, there are known claw-free graphs with stability number
3 which induce facets with up to eight different left hand side coefficients. We prove that
the situation is even worse: for every positive integer b, we exhibit a claw-free graph with
stability number 3 inducing a facet with b different left hand side coefficients.
© 2009 Elsevier B.V. All rights reserved.
The stable set polytope STAB(G) of a graph G is defined as the convex hull of the incidence vectors of all its stable sets. For
standard definitions and general background on linear programming,we refer the reader to Grötschel, Lovász and Schrijver’s
textbook [7]. The description of STAB(G) bymeans of facet-defining inequalities is unknown formost graphs. A graph is claw-
free if the neighbourhood of any vertex does not contain any stable set of size 3. Obtaining a complete description of the stable
set polytopes of claw-free graphs is a long-standing open problem [7]. A characterization of the 0/1-valued facets, called rank
facets, in stable set polytopes of claw-free graphs was given by Galluccio and Sassano [5]. However, claw-free graphs have
non-rank facets in general and even conjectures regarding their non-rank facets were formulated only recently [9,11].
There are subclasses of claw-free graphs where rank facets suffice, e.g., the line graphs, obtained by taking the edges of
a root graph H as vertices and connecting two vertices of the line graph if and only if the corresponding edges of H are
incident. All facets of their stable set polytopes are known frommatching theory [3], namely, clique constraints and certain
rank constraints coming from odd set inequalities.
Ben Rebea [1] generalized the odd set inequalities to so-called clique family inequalities. He claimed and Eisenbrand
et al. [4] recently proved that clique family inequalities suffice for quasi-line graphs, that are graphswhere the neighbourhood
of any vertex can be partitioned into two cliques. As a consequence, every non-trivial facet of a quasi-line graph is of the
form k
∑
v∈V1 xv + (k+ 1)
∑
v∈V2 xv ≤ b for some positive integers k and b, and non-empty sets of vertices V1 and V2. This
implies that their facets have at most two different left hand side coefficients.
Cook showed (see [10]) that for a graph G with stability number α(G) = 2, all non-trivial facets of STAB(G) are of the
form 1
∑
v∈V1 xv + 2
∑
v∈V2 xv ≤ 2. Stauffer conjectured [11] that all non-rank facets of claw-free but not quasi-line graphs
G with α(G) ≥ 4 are also of this type. As a consequence, every non-trivial facet of a claw-free but not quasi-line graph G
with α(G) 6= 3 would be 1/2-valued.
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Wehave a different situation in the case of graphsGwith stability numberα(G) = 3. It is already known that such graphs
have facets with up to eight different left hand side coefficients [6,8,9], and all the difficult facets of claw-free graphs occur
in this case (provided Stauffer’s conjecture is true).
In this paper, we support the feeling further that the case with α(G) = 3 is indeed the difficult one. For that we exhibit,
for every integer b ≥ 4, a claw-free graph with stability number 3 whose stable set polytope has a facet with b different left
hand side coefficients.
Theorem 1. For every positive integer b ≥ 5, there exists a claw-free graph Gb with maximum stable set size 3 and a partition of
its vertex set into b− 1 non-empty subsets V1, V2, . . . , Vb−1 such that∑
v∈V1
xv + 2
∑
v∈V2
xv + · · · + (b− 1)
∑
v∈Vb−1
xv ≤ b
is a facet of its stable set polytope.
1. Proof of Theorem 1
We now proceed to give a description of the graph Gb. The result is based on [9] where we proved that all non-rank
facets associated with claw-free graphs with stability number 3 belong to only one class of inequalities: so-called co-
spanning 1-forest constraints. A co-spanning 1-forest constraint of a graph G with n vertices is a facet of STAB(G) whose
n tight independent stable sets, called roots, correspond in the complementary graph to the following cliques: the edges of a
1-forest H (consisting of tree and 1-tree components, where a 1-tree is a tree with an extra edge) and as many triangles
as H has tree components. (Note that all edges of a tree are linearly independent; as we have in a tree one edge less than
there are vertices, we need to compensate for this missing root for each tree with one triangle. A 1-tree has as many edges
as vertices, and all of its edges are independent provided its unique cycle is an odd hole, i.e., a chordless cycle of odd length
≥ 5.)
Our construction of Gb uses in fact a 1-forest consisting of tree components only. For that, we proceed in two steps:
• firstly, we define a graph Hb with clique number 3 and n maximal cliques where n is the number of vertices of Hb; we
have to assign appropriate weights and to ensure that all those cliques are independent, in order to obtain the studied
roots of the facet;
• secondly, we define a graph H ′b by adding an appropriate set of edges in order to make the complementary graph Gb of
H ′b claw-free, with the co-spanning 1-forest constraint associated with Hb.
Let k = b − 2 and n = 5k − 3. We define the graph Hb as follows (see Fig. 1): the vertex set V of Hb consists of the n
vertices {x0, x1, . . . , x4k−6} ∪ {w0, w1, . . . , wk−1} ∪ {y0, y1}, and the graph Hb has exactly the following nmaximal cliques:
• k− 1 triangles U1,U2, . . . ,Uk−1 where Uj = {wj, x4j−1, x4j} for every 1 ≤ j ≤ k− 2 and Uk−1 = {w0, wk−1, x0};• the edges of a spanning forest made of k − 1 trees T1, T2, . . . , Tk−1 where for every 1 ≤ i ≤ k − 3, the tree Ti is
the chain of size 4 {x4i, x4i+1, x4i+2, x4i+3}, the tree Tk−2 is the chain of size 7 {x4(k−2), x4(k−2)+1, x4k−6, x0, x1, x2, x3},
and the remaining tree Tk−1 has vertices {w0, w1, . . . , wk−1} ∪ {y0, y1} with edges {y0w0, y0w1, . . . , y0wbk/2c} ∪
{y1wbk/2c, y1wbk/2c+1, . . . , y1wk−1}.
Let c be the weight function from the vertices of Hb into N defined as follows (see Fig. 1 again):
c → N
i = 0, 2, . . . , 4k− 6 : xi 7→ k− bi/4c
i = 1, 3, . . . 4k− 7 : xi 7→ bi/4c + 2
w0, w1, . . . , wk−1 7→ 1
y0, y1 7→ k+ 1.
We partition the vertex set of Hb as follows:
V1 = {w0, w1, . . . , wk−1}
V2 = {x1, x3, x4k−8, x4k−6}
V3 = {x5, x7, x4k−12, x4k−10}
...
...
...
Vi = {x4i−7, x4i−5, x4k−4i, x4k−4i+2}
...
...
...
Vk−1 = {x4k−11, x4k−9, x4, x6}
Vk = {x0, x2, x4k−7}
Vk+1 = {y0, y1}.
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Fig. 1. The spanning 1-forest Hb and the coefficients of the associated facet.
Each of the sets V1, . . . , Vk+1 is non-empty and we have the following property, whose straightforward proof is omitted:
Claim 1. For every j ∈ {1 . . . k+ 1} and every v ∈ Vj, we have c(v) = j.
Claim 2. The inequality∑
v∈V1
xv + 2
∑
v∈V2
xv + · · · + (b− 1)
∑
v∈Vb−1
xv ≤ b (1)
is a facet of STAB(Hb).
Proof. Notice that for every edge xy of a tree Ti (i ∈ {1 . . . k− 1}), we have c(x)+ c(y) = k+ 2 = b, and for every triangle
Uj = {x, y, z} (j ∈ {1 . . . k− 1}), we have c(x)+ c(y)+ c(z) = k+ 2 = b. Hence every maximal stable set of Hb is tight, and
the inequality (1) is valid.
It remains to check that the incidence vectors of the nmaximal stable sets of Hb are linearly independent. Let M be the
square matrix of the incidence vectors of the nmaximal cliques of Hb.
We have to show thatM is invertible. Let c be the column vector with entries c(v) (v ∈ V ). Notice that c is a solution of
the equation
Mx = b1 (2)
where 1 is the column vector with all entries equal to 1.
We are going to show that c is the unique solution of (2). Let c′ be a solution of (2). Assume that one vertex v of Tk−1 is
such that c(v) 6= c ′(v). Let δ = c(v)− c ′(v). Notice that
• either for every leaf u of Tk−1, c ′(u) = c(u)+ δ;
• either for every leaf u of Tk−1, c ′(u) = c(u)− δ.
Assume without loss of generality that for every leaf u of Tk−1, we have c ′(u) = c(u) + δ. On the one hand, c ′(x0) =
c(x0) − 2δ, c ′(x4) = c(x4) − 3δ, . . . , c ′(x4(k−2)) = c(x4(k−2)) − kδ. On the other hand, c ′(x4(k−2)) = c(x4(k−2)) + 2δ. Hence
δ = 0, a contradiction.
Therefore, for every vertex v of Tk−1, we have c(v) = c ′(v). Notice that Hb \ Tk−1 is an odd hole such that for every edge
xy, we have c ′(y) − c(y) = c(x) − c ′(x). Therefore if c ′(x) 6= c(x) for some vertex x not in Tk−1, we obtain a contradiction
due to the odd number of vertices of Hb \ Tk−1.
Thus c′ = c and soM is invertible. 
We now proceed to the second step: we need to add edges to Hb in order to make the complementary graph claw-free
without violating the inequality (1) or increasing the clique number.
Let H ′b be the graph with vertex set V and edge set E ′ ⊃ E defined as follows (Fig. 2 depicts the additional edges for i = 2
below):
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Fig. 2. New edges for i = 2 (new neighbours are white vertices).
E ′ = E ⋃
i=1,...,k−2
{x4ix1, x4ix3, . . . , x4ix4i−3}⋃
i=1,...,k−2
{x4iwi+1, x4iwi+2, . . . , x4iwk−1}⋃
i=1,...,k−2
{x4i−1x4i+2, x4i−1x4i+4, . . . , x4i−1x4k−6}⋃
i=1,...,k−2
{x4i−1w0, x4i−1w1, . . . , x4i−1wi−1}⋃
i=1,...,k−2
{wix0, wix2, . . . , wix4i−4}⋃
i=1,...,k−2
{wix4i+3, wix4i+5, . . . , wix4k−7}⋃
i=1,...,k−2
{wiy0, wiy1}⋃
i=1,...,k−2
{x4i−2wk−1, x4i+1w0}.
We say that an edge e is a new edge if e ∈ E ′ \ E.
Claim 3. If T is a triangle of H ′b then T is a triangle of Hb.
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Proof. Let T = {x, y, z} be a triangle of H ′b. Assume that T is not a triangle of Hb: we are going to show that this leads to a
contradiction.
We denote by X the set of vertices {x0, x1, . . . , x4k−6}, by W the set of vertices {w0, . . . , wk−1} and by Y the set of the
two remaining vertices {y0, y1}.
The neighbours ofw0 in H ′b are {x0, wk−1} ∪ {x3, x7, . . . , x4k−9} ∪ {x5, x9, . . . , x4k−7} ∪ {y0} and the neighbours ofwk−1 in
H ′b are {x0, w0}∪ {x4, x8, . . . , x4k−8}∪ {x2, x6, . . . , x4k−10}∪ {y1}. Thus ifw0wk−1 is an edge of T then x0 ∈ T , a contradiction.
Thereforew0wk−1 is not an edge of T .
By the definition, no edge of E ′ has
(i) one vertex in X and the other in Y , or
(ii) both vertices inW , or
(iii) both vertices in Y .
If T has a vertex in Y then T has exactly one vertex in Y by (iii) and no vertex in X by (i). Thus T has two vertices inW ,
contradicting (ii).
Therefore T does not have any vertex in Y . It follows from (ii) that T has at least two vertices, say x and y, in X . Notice
that the indices of the vertices of edges of E ′ with both vertices in X do not have same parity. Therefore z 6∈ X , and thus
z ∈ W . Let x = xi and y = xj, and assume without loss of generality that i is odd and j is even. Let r be the index of
z = wr (0 ≤ r ≤ k− 1).
If r = 0 then j = 0 and 3 ≤ i ≤ 4k − 7 as {x0} ∪ {x3, x7, . . . , x4k−9} ∪ {x5, x9, . . . , x4k−7} are the neighbours of w0 in X .
This is a contradiction as x0 has only two neighbours in X , namely x1 and x4k−6.
If r = k − 1 then we have a contradiction with i being odd as {x0} ∪ {x4, x8, . . . , x4k−8} ∪ {x2, x6, . . . , x4k−10} are the
neighbours ofwk−1 in X .
Therefore 1 ≤ r ≤ k− 2.
If xz (resp. yz) is not a new edge then x = x4r−1 (resp. y = x4r ). The neighbours of x (resp. y)
in X are {x4r+2, x4r+4, . . . , x4k−6} ∪ {x4r} (resp. {x1, x3, . . . , x4r−3} ∪ {x4r−1}). Notice that the neighbourhood of
wr is {x0, x2, . . . , x4r−4} ∪ {x4r+3, x4r+5, . . . , x4k−7} ∪ {x4r , x4r−1}. Hence y ∈ ({x0, x2, . . . , x4r−4} ∪ {x4r}) ∩
({x4r+2, x4r+4, . . . , x4k−6}∪ {x4r}) = {x4r} (resp. x ∈ ({x4r+3, x4r+5, . . . , x4k−7} ∪ {x4r−1})∩ ({x1, x3, . . . , x4r−3} ∪ {x4r−1}) =
{x4r−1}). Thus T is a triangle of Hb, a contradiction.
Therefore xz and yz are new edges. We have
x ∈ {x4r+3, x4r+5, . . . , x4k−7} (3)
y ∈ {x0, x2, . . . , x4r−4}. (4)
It follows that xy is also a new edge (otherwise, x and y would have consecutive coefficients modulo 4k − 5). Hence, there
is an index 1 ≤ t ≤ k− 2 such that (x = x4t−1 and y ∈ {x4t+2, . . . , x4k−6}) or (y = x4t and x ∈ {x1, x3, . . . , x4t−3}).
If x = x4t−1 and y ∈ {x4t+2, . . . , x4k−6} then from (3), we obtain t ≥ r + 1 and from the equality (4), we obtain t ≤ r − 2,
a contradiction.
If y = x4t and x ∈ {x1, x3, . . . , x4t−3} then from (4), we obtain t ≤ r − 1 and from the equality (3), we obtain t ≥ r + 2,
a final contradiction. 
Claim 4. The graph H ′b is a claw-free graph with stability number 3.
Proof. Due to Claim 3, the graph H ′b has stability number 3 as Hb does. It remains to check that H
′
b is claw-free, that is to
check that every vertex of H ′b is adjacent to every triangle of H
′
b.
Let T be a triangle of H ′b. Due to Claim 3, T is one of U1,U2, . . . ,Uk−1 where Uj = {wj, x4j−1, x4j} for every j ∈ {1 . . . k−2}
and Uk−1 = {w0, wk−1, x0}. Let v be any vertex of H ′b.
If v ∈ Y then v is adjacent to T by the definition of Hb and due to the new edges y0wi and y1wi for i ∈ {1 . . . k− 2}.
If v ∈ W then v = wr for some r ∈ {0 . . . k− 1}. If T = Uk−1 then v is adjacent to the vertex x0 of T . If T = Uj for some
j ∈ {1 . . . k− 2} then if r ≤ j (resp. r > j), the vertex v is adjacent to the vertex x4j−1 (resp. x4j) of T .
If v ∈ X then v = xr for some r ∈ {0 . . . 4k − 6}. If T = Uk−1 then if r is odd (resp. even), v is adjacent to the vertex w0
(resp. wk−1) of T . If T = Uj for some j ∈ {1 . . . k− 2} then if r is odd (resp. even), v is adjacent to the vertex x4j (resp. x4j−1)
of T , if r ≤ 4j+ 1 (resp. 4j− 2 ≤ r) or to the vertexwj of T if 4j+ 3 ≤ r (resp. r ≤ 4j− 4). 
Claim 5. The inequality (1)∑
v∈V1
xv + 2
∑
v∈V2
xv + · · · + (b− 1)
∑
v∈Vb−1
xv ≤ b
is a valid inequality for the stable set polytope of H ′b.
Proof. Due to Claim 3, we only have to check that for every edge e = xy of E ′ \ E, we have c(e) = c(x)+ c(y) ≤ b = k+ 2.
Let e be any edge of E ′ \ E. By the definition of E ′, one of the following eight cases occurs:
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• if e ∈ {x4ix1, x4ix3, . . . , x4ix4i−3} for some i ∈ {1 . . . k− 2} then c(e) ≤ k− i+ (i− 1)+ 2 = k+ 1 < b;
• if e ∈ {x4iwi+1, x4iwi+2, . . . , x4iwk−1} for some i ∈ {1 . . . k− 2} then c(e) ≤ k− i+ 1 < b;
• if e ∈ {x4i−1x4i+2, x4i−1x4i+4, . . . , x4i−1x4k−6} for some i ∈ {1 . . . k− 2} then c(e) ≤ i+ 1+ k− i = k+ 1 < b;
• if e ∈ {x4i−1w0, x4i−1w1, . . . , x4i−1wi−1} for some i ∈ {1 . . . k− 2} then c(e) ≤ i+ 1+ 1 < b;
• if e ∈ {wix0, wix2, . . . , wix4i−4} for some i ∈ {1 . . . k− 2} then c(e) ≤ 1+ k < b;
• if e ∈ {wix4i+3, wix4i+5, . . . , wix4k−7} for some i ∈ {1 . . . k− 2} then c(e) ≤ 1+ k− 2+ 2 < b;
• if e ∈ {wiy0, wiy1} for some i ∈ {1 . . . k− 2} then c(e) = 1+ k+ 1 = b;
• if e ∈ {x4i−2wk−1, x4i+1w0} for some i ∈ {1 . . . k− 2} then c(e) ≤ 1+ k < b.
Hence c(e) ≤ b. 
Therefore Gb = H ′b is a claw-free graph with stability number 3 by Claim 4, such that the inequality (1) is a facet of its
stable set polytope by Claims 2 and 5, where for every j ∈ {1 . . . k+1}, the set Vj is not empty. This finally proves Theorem 1.
2. Concluding remarks
In this paper, we exhibit that, for every positive integer b, there is a claw-free graph with stability number 3 whose
stable set polytope has a facet with b different left hand side coefficients. This supports the feeling further that the case with
α(G) = 3 is indeed the difficult one. In fact, if Stauffer’s conjecture for the case with α(G) ≥ 4 is true, then all facets of
claw-free graphs with stability number α(G) 6= 3 have at most two different left hand side coefficients, whereas we showed
that claw-free graphs with stability number α(G) = 3 have arbitrarily high and arbitrarily many different left hand side
coefficients.
Chudnovsky and Seymour recently achieved a decomposition of claw-free graphs, whose lengthy proof is split into
several papers. In the process, they identified several subfamilies of claw-free graphs and it is worthmentioning that graphs
Gb exhibited in this paper belong to the so-called antiprismatic graphs (a graph G is said to be antiprismatic if for every stable
set S of size 3 and every vertex v not in S, v has a unique non-neighbour in S), which ‘‘seem to form a subclass of claw-free
graphs that is very different from the others’’ and difficult to cope with: ‘‘understanding antiprismatic graphs was probably
the most difficult part of the project’’ [2]. It does not mean however that graphs Gb presented in our construction have to be
antiprismatic: indeed, when defining E ′, we introduced a minimal subset of edges to be added in order to ensure that the
complementary graph is claw-free. Proceeding this way simplified the proof, since we could prove that these extra edges
do not create new triangles.
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